Abstract. This paper deals with the analysis of the singularities arising from the solutions of the problem Curl F = µ, where F is a 3 × 3 matrix-valued L p -function (1 ≤ p < 2) and µ a 3 × 3 matrix-valued Radon measure concentrated in a closed loop in Ω ⊂ R 3 , or in a network of such loops, i.e., similar to dislocation clusters as observed in single crystals. In particular, we study the topological nature of such dislocation singularities. It is shown that F = ∇u, the absolutely continuous part of the distributional gradient Du of a vector-valued function u of special bounded variation. Furthermore, u can be redefined with values in the three-dimensional torus T 3 and hence is Sobolev-regular away from the singular loops. We then analyze the graphs of such maps represented as currents on Ω × T 3 and show that their boundaries can be written in term of the measure µ. Readapting some well-known results for Cartesian currents, we recover closure and compactness properties of the class of maps with bounded curl concentrated on dislocation networks. We finally give some examples of variational problems where such results provide existence of solutions.
Introduction
In this work we analyze the class of 3 × 3 matrices-valued fields F on an a open set Ω ⊂ R 3 which have singularities on a 1-dimensional set L. The singularity we are interested in arises from the condition that F is assumed to have a nonzero Curl , which is a finite Radon measure µ concentrated on L, namely − Curl F = µ.
(1.1)
In the simplest case when the singular set is a closed Lipschitz curve L, then it is well-known that µ must be a so called dislocation density, that is a measure of the form
where b is a fixed vector (constant along L and called Burgers vector) and τ is the unit tangent vector to L (see Lemma 6.1). The term "dislocation" comes from the physics of crystals, where the strain field of the elastic body cannot be in general associated to a global deformation, since it is observed to satisfy a condition like (1.1). In dislocation theory, the singular set L is always a countable (or finite) union of Lipschitz closed curves, and hence the measure µ is a sum of countable many dislocation densities of the form (1.2). Each Burgers vector of the singletons (1.2) is constrained to belong to a countable lattice, that we assume to be Z 3 . This setting can be summarized by asking that the measure µ in (1.1) is representable by a closed integral current with coefficients in the group Z 3 . By Helmholtz decomposition, any tensor-valued F ∈ L p (Ω) can be written as F = Du + Curl V , with u ∈ W 1,p (Ω) and V a divergence-free tensor, see [22] . It is a standard interpretation to call u the displacement field, and V the incompatible field. However it is immediately observed by (1.1) that the dislocation measure µ depends on V only, hence leaving the displacement outside the picture, at least as far as classically intended as a Sobolev vector-valued map.
The class of vector fields F : Ω → R 3 satisfying condition (1.1) with µ a closed integral current with coefficients in Z 3 has several measure theoretic properties that are proved in the present paper. A central aspect is that for every F there exists a 3-dimensional torus valued map u : Ω → T 3 such that F = ∇u. In some sense, even if the non-vanishing of Curl F precludes the existence of a vector-valued function whose gradient is F , we recover such property in the class of torus-valued vector fields. As a consequence, in the spirit of [18] , the graph of the map u can be seen as a current and a theory as for Cartesian Currents can be developed. Our main result gives the explicit form of the boundary of the graph associated to the torus-valued deformation.
1.1. Line-like singularities Continuum mechanics. A dislocation (or disclination) is a line defect in a crystal related to the jump of the displacement or the rotation tensor, itself provoked by the motion of atoms and atom layers at an underlying microscopic scale. At the mesoscopic scale, where the medium is considered as continuous, such a line represents a singularity for model fields such as stress, strain, displacement and rotation. Furthermore, in single crystals these lines might appear as isolated loops as well as complex networks and there are such interactions that two lines might join together or (partially) annihilate, or be set apart in many smaller loops. All these phenomena should be understood as mathematical objects which must be described in a geometrically unified way. To achieve this goal, the theory of currents has shown as extremely appropriate, as described in [29] . It should be emphasized that integral currents and Cartesian currents also allow one to handle singular problems in Continuum mechanics by means of the notions of distributional Jacobian and cofactors of the deformation tensor. Pioneer works and fundamental results about this topic can be found in [26] . In the recent years, this formalism is being developed for elasticity and in general for Continuum mechanics, as in, e.g., [2, 3, 16, 19, 24, 25] . About their specific use in problems involving dislocations, see [27, 29] . About their use in problems involving other kinds of loop discontinuities, the Ginzburg and Landau problem has provided numerous key contributions, as e.g. in [1, 6, 28] . Indeed, the mathematical issues addressed in these works very often appear in a similar way in the study of defects in solids, which therefore shares with Ginzburg-Landau models several theoretical concepts, among which field multiple-valuedness and vorticity. Let us also mention function of higher-order variation [20] (considered in [29] for dislocation problems), or strings [9] , as one of the many mathematical objects arisen from the study of singular loops in PDEs. It should be stressed that one of the feature of these problems is that the model fields have either manifold-valued (for instance, in the unit sphere), or are multiple valued. Multivaluedness is a challenging issue since the pioneer works of Almgren [4] , both in Physics problems such as liquid crystals, or from a purely mathematical perspective [7, 12] , where often, multivaluedness is related to singularities, as in [10] .
Sometimes, dislocations are considered in a unified way with fracture, as e.g. in [24] , where "fracture" is intended as a non-negative co-dimension singularity, i.e., classical fracture have codimension 1, whereas dislocations have co-dimension 2, and point defects co-dimension 3. However, dislocation singularities show several specific issues, and the intrinsic mathematical difficulties generated by dislocations are fundamentally different from those encountered in the mathematical modeling of fracture mechanics. Indeed, (i) dislocations are H 1 -singularities in R 3 and hence show no jump set in the classical sense; (ii) dislocations are free to mutually annihilate, recombine, split, spontaneously appear, and hence form complex geometrical structures, without any law such as irreversibility; (iii) there is no natural reference configuration and hence intrinsic approaches must be preferred.
In particular, the displacement is not an appropriate model variable in the classical sense, as opposed to most of Solid Mechanics problems; (iv) the stress and strain fields are not square-integrable and so the less tractable L p spaces with 1 ≤ p < 2 must be considered; (v) bounds on the model fields are given in terms of the curl and the divergence, in place of the full gradient; (vi) these curl and divergence are found in measure spaces instead of Sobolev spaces.
In the language of currents, the measure (1.2) is denoted as b ⊗ L, with L standing for an integral 1-current, as described in [29] . In the language of Physics, it is simply the (transpose of) the dislocation density Λ L := τ ⊗ bH 1 L , which should be considered as the problem data. The tensor-valued functions satisfying the differential constraint (1.1) will be denoted by F to mean the deformation tensor in finite elasticity. Because of this constraint, F belongs to L p (Ω) with 1 ≤ p < 2. It is a classical procedure to also consider the determinant and cofactors of F as belonging to the same space, since J. Ball results on existence results for polyconvex functions [5, 11] . Such an issue will be addressed in a forthcoming work, as a natural consequence of the analysis of the present paper.
1.2. Scope and structure of the work. As a first step, our aim is to analyze the fields satisfying the constraint (1.1), showing that an unambiguous concept of displacement can be defined. As a second step, we want to study some measure theoretic properties of such displacements, showing some important closure results. More specifically, it will be shown that
• For all F satisfying (1.1) there exists a map u ∈ W 1,p (Ω, T 3 ), with T = R/Z the flat torus, such that F = ∇u. Moreover there exists a mapũ ∈ SBV p (Ω, R 3 ) such that F = ∇ aũ , with ∇ aũ the absolutely continuous part of the distributional gradient Dũ.
, that is, u is smooth except on the singularity L.
• ∂G v , the boundary of the current supported by the graph of v, is "equals" (in a sense that will be made precise) to µ = − Curl T ∇u.
The first item states that it is possible to construct a real-valued displacement fieldũ, which has a constant jump b on a fixed (though arbitrary) surface S enclosed by C. If we quotient the target space R 3 by Z 3 , the jump on the (arbitrary) surface is neglected. In other words, the displacement as an Euclidean-valued field is multiple-valued, since its circulation around dislocation lines is nonzero, and is always a multiple of b. Otherwise, working with torus-valued maps allows us to remove this ambiguity. Torus-valued maps are therefore alternatives to Euclidean maps appropriate to mathematically model dislocation singularities. Similarly, it will be convenient to introduce periodic k-forms, from which torus-valued currents are defined by duality, the latter being more suitable in this setting. Note that such multivalued displacement fields have been used by Physicists, for a long time (see, e.g., [21] ), but without the necessary mathematical rigor, which we believe is worth introducing to seek a profound understanding of the intrinsic difficulties generated by dislocation singularities.
As for the last item, with the language of currents and in dislocation terms, our main result basically states that the dislocation density is the boundary of the graph of a displacement field u which has values in the three dimensional torus, viz.,
where ω is any n-form, and ϕ ω is a test function depending linearly on ω (see Theorem 6.3 for details). Starting from this result it is possible to write the explicit form of the graph boundary of w = v + u, a smooth perturbation v of the function u. Finally, we give the explicit form of the graph boundary of the vector-valued functionũ, which indeed coincides with the torus-valued one u, with a additional measure concentrated on the jump set ofũ (see Theorem 5.1 for details); this is our main result second form. It might be used in models involving an energy term on the jump surface, whose complete analysis, though, is left for future work.
Finally, application examples are given. In particular, two variational problems are proposed and solved in Section 6.4. This paper is structured as follows. In Section 2, we recall the basis for currents and the theory of graphs of torus-valued maps, and prove some important preliminary results, whose counterparts in the Euclidean-valued case are classical. Then, the crucial pointwise and distributional properties of torus-valued harmonic maps are derived in Sections 3. The main results are presented in two forms, the first in Section 4 holding for torus-valued maps (see Theorem 4.1), and the second one valid for Euclidean maps is given in Section 5, with a proof in Appendix B. In Section 6 we show how the results obtained so far can be applied to the theory of dislocations, whereas in Section 6.4 we provide two examples of variational problems which can be solved thanks to our main results and their applications.
Preliminary results

2.1.
Generalities about currents and graphs. For all integers n > 0 and k ≥ 0 with k ≤ n, we denote by Λ k R n the space of k-vectors and by Λ k R n the space of k covectors. Let α be a multi-index, i.e., an ordered (increasing) subset of {1, 2, . . . , n}. We denote by |α| the cardinality (or length) of α, and we denote byᾱ the complementary set of α, i.e., the multi-index given by the ordered set {1, 2, . . . , n} \ α.
For a n × n matrix A with real entries and for α and β multi-indexes such that |α| + |β| = n, M β α (A) will denote the determinant of the submatrix of A given by erasing the i-th columns and the j-th rows, for all i ∈ α and j ∈β. Moreover, symbol M (A) will denote the n-vector in Λ n R 2n given by
where {e i , ε i } i≤n is the Euclidean basis of R 2n , and σ(α,ᾱ) is the sign of the permutation (α,ᾱ). Accordingly, define
For a matrix A ∈ R 3×3 , the symbols adj A and det A denote the adjunct, i.e., the transpose of the matrix of the cofactors of A, and the determinant of A, respectively. Explicitly,
Moreover,
Let Ω ⊂ R n be an open set, then D k (Ω) denotes the topological vector space of compactly supported smooth k-forms on Ω, that is the topological vector space of compactly supported and smooth maps on Ω with values in
A current which has null boundary (as any current in
If M (T ) < +∞ then T turns out to be a Borel measure in M b (Ω, Λ k R n ), and its mass coincides with M (T ). Moreover the mass is lower semicontinuous with respect to the weak topology in D k (Ω). Indeed if lim sup h→∞ M (T h ) < +∞ and T h T then we also find that T is a Borel measure and
, so that the lower-semicontinuity of the mass follows from the lower-semicontinuity of the mass in M b (Ω, Λ k R n ). We also define the quantity
Let U ⊂ R n and V ⊂ R m be open sets and F : U → V be a smooth map. Then the push-forward of a current T ∈ D k (U ) by F is defined as
where F ω is the standard pull-back of ω and ζ is any C ∞ function that is equal to 1 on sptT ∩sptF ω. It turns out that F T ∈ D k (V ) does not depend on ζ and satisfies
Let 0 ≤ k ≤ n and let S ⊂ R n be H k -rectifiable set with approximate tangent space
e. x ∈ S, then we can define the current T as
Every current for which there exists S, τ , and θ as before is said to be rectifiable. If also its boundary ∂T is rectifiable, then we adopt the following notation
The current T ∈ D k (Ω) is rectifiable with integer multiplicity if it is rectifiable, has rectifiable boundary, and the function θ in (2.3) is integer valued. A integer-multiplicity current T such that N (T ) < ∞ is said integral current.
An integer-multiplicity current T ∈ D M (R n ) is said indecomposable if there exists no integral current R such that R = 0 = T − R and
The following theorem provides the decomposition of every integral current and the structure of integer-multiplicity indecomposable 1-current (see [13, Section 4.2.25] ).
Theorem 2.1. For every integer multiplicity current T there exists a sequence of indecomposable integral currents T i such that
Suppose T is an indecomposable integer multiplicity 1-current on R n . Then there exists a Lipschitz function : R → R n with Lip(f ) ≤ 1 such that
Moreover ∂T = 0 if and only if f (0) = f (M (T )).
Let us consider the space Ω × R 3 . We will use the Euclidean coordinates x = (x 1 , x 2 , x 3 ) for x ∈ Ω and y = (y 1 , y 2 ,
, and where the sum is computed over all multi-indexes α and β such that |α| + |β| = 3.
A weak convergence is defined on A p (Ω). We say that the sequence
for all multi-indexes α and β with |α| + |β| = 3 (see [18, Section 3.3.3] ). If u ∈ A p (Ω) then G u , the current carried by the graph of u, is well defined as follows:
where Id × u :
Proof. This is a straightforward consequence of formula (2.6).
The boundary of the current G u (ω) is, by definition, the 2-current in Ω×R 3 given by
. As soon as u U , the restriction of u to a smooth open subset U of Ω, is assumed smooth in U , then G u U is a surface with rectifiable boundary given by
We can also employ Stokes formula to find an explicit formula for ∂G u ∂U , i.e.,
. This can be seen as follows: by definition of pushforward of a current, [17] p.272 or [23] for details).
The class of Cartesian maps is the subspace of A 1 (Ω, R 3 ) defined as 
and suppose that there exist functions v 
2.2. Torus-valued maps and currents. For simplicity of exposition, we describes the three dimensional case, but all the definitions and statements of this section can be established for the general n-dimensional case. We introduce the torus T ∼ = R/ ∼, where ∼ denotes the equivalent relation given by a ∼ b iff a − b ∈ 2πZ. We also denote T × T × T by T 3 . Now we will consider graphs of maps u : Ω → T 3 . These turn out to be 3-rectifiable currents in Ω × T 3 . Note that the space of 3-forms
, is exactly the space of 3-forms in Ω × R 3 that have coefficients which are smooth and 2π-periodic (with all their derivatives) in the last three variables (actually, they do not have compact support). As a consequence, if T is a 3-current in D 3 (Ω × R 3 ) that has compact support inΩ × R 3 , then the current
is well-defined and T (T ) ∈ D 3 (Ω × T 3 ). Moreover, since in general smooth functions in Ω × R 3 are not periodic in the last three variables, it turns out that M (T (T )) ≤ M (T ).
Let u ∈ A p (Ω, R 3 ), then we define T (u) : Ω → T 3 by means of the standard projection π T : R → T, i.e. T (u i ) := π T (u i ) for i = 1, 2, 3. It is easily seen that, T being locally isomorphic to R, T (u) is almost everywhere approximately differentiable with the same approximate derivatives of u. As a consequence G T (u) is a 3-rectifiable current in Ω × T 3 . It is also easy to see that in such a case G T (u) = T (G u ). This fundamental identity follows from the fact that the approximate differentials of u and T (u) coincide almost everywhere, and from (2.6), where we use that if ω is 2π-periodic in the second variable, then ω(x, u(x)) = ω(x, T (u(x))). We introduce the space A p (Ω, T 3 ) as follows:
on Ω, and
where L 1 (Ω, T 3 ) means the space of measurable functions u : Ω → T 3 .
With this definition, we see that for all u ∈ A p (Ω, T 3 ) the graph G u is well defined as a 3-rectifiable current. A consequence of the fact that the mass of a current does not increase when we compose with T is that, if there existsū ∈ A p (Ω, R 3 ) such that T (ū) = u and Gū is an integral current, then G u is an integral current. Note that it might happen that suchū does exist with ∂Gū unbounded, while M (∂G u ) < ∞. Theorem 2.3, being a consequence of the compactness theorem for integral currents, straightforwardly applies also to the case of maps with values in T 3 . Lemma 2.2 readily applies to the case of maps with value in T 3 .
Proof. This is again a consequence of formula (2.6) and the fact that currents in
2.3. Invertibility of the curl. In this section we introduce a technical result that will be useful for the subsequent discussion. Let M div (Ω, R 3×3 ) denote the space of divergence-free bounded Radon measures with values in R 3×3 .
be an open simply connected and smooth set. Let µ be a tensor-valued Radon measure such that
) for all p with 1 ≤ p < 3/2 and for all such p there exists a constant
The proof is a straightforward extensions of the main results in [8] , and thus we discuss it in the appendix.
Harmonic maps with prescribed jump on a surface
In this section we study some regularity results of harmonic maps in R 3 with prescribed jump on a given surface. This will be crucial for the studying of the displacement in the presence of dislocations, since if a dislocation C is the boundary of a surface S, then the displacement can be seen as a function with a fixed jump on the surface, equal to the Burgers vector associate to the dislocation.
In this work we will often need to make the following Assumption 3.1. We consider a Lipschitz closed curve C, which is assumed simple, and thus non self-intersecting. Moreover we assume that S is a bounded Lipschitz simple surface whose boundary is C, that is, S is non self-intersecting and is homeomorphic to the disk
Lemma 3.2. Let C be a Lipschitz closed curve in R 3 and S a bounded Lipschitz surface with boundary C and unit normal N (satisfying Assumption 3.1). Let b ∈ R. A solution of
is given by
where Γ is the solution in R 3 of ∆Γ = δ 0 . Moreover such solution is unique up to a harmonic map in R 3 .
By (3.2), it holds that
Lemma 3.2 is a particular case of its general vector counterpart, whose proof can be found in [33] . Its statement is given in the following lemma, where A is a fourth-order elasticity tensor. So, the proof of Lemma 3.2 is straightforwardly obtained by letting A = I 2 , the identity matrix. 
is given componentwise by
3.1.
Pointwise and distributional properties of gradients of harmonic maps.
Growth condition for the gradient.
Lemma 3.4. Let C and S be as in Lemma 3.2 and u be the explicit solution of (3.1) given by (3.2). If C is smooth, there exists a constant c > 0 depending on the curvature of C, such that it holds
Proof.
Step 1. Let us first prove that the value of the derivative ∂ i u(x) does not depend on the surface S appearing in (3.1). Let indeed S be another smooth surface that does not contain the point x and has C as boundary. For simplicity let us suppose it is disjoint from S. Let u be the solution of (3.1) with S replacing S and let A be the open set enclosed by S and S . By formula (3.2),
, the second equality being a consequence of the Divergence theorem. In particular we see that u − u is constant in a neighborhood of x, so that
. By approximation, we can also extend this to the case of Lipschitz surface S , and then to every rectifiable current S with ∂S = C whose support is outside a neighborhood of x.
Step 2. Let d = d(x, C) be the distance form x to C, let κ be the maximum curvature of C, and let us denote by R := κ −1 the minimal radius of curvature. Let B R (x) be a ball with radius R and center x, let P be the point in C such that d = d(x, P ), let O be the point on the line P x, on the x side, such that d(O, P ) = R, and let B R (O) be a ball with radius R and center O (see figure  1 ). Let π R : R 3 → ∂B R (x) be the orthogonal projection onto the sphere ∂B R (x) and let C R be the image of C throughout π R . Let us consider the Lipschitz homotopy Φ :
] is a rectifiable current with boundary C ∪ C R . Let D be an integral current in B R (x) with boundary −C R . The rectifiable current S := E + D has boundary C, so we can consider the map u solution of (3.1) with S replaced by S .
Step 3. We claim that we can choose D in such a way that its total mass M (D) is bounded by lR. Indeed, since C R is an integral closed 1-current, it decomposes as
, where l i is the length of C i R , with l the total length of C. Notice that the presence of the term 2πR is justified as follows: π R is 1-Lipschitz outside B R , whereas it is not Lipschitz inside. So we must estimate the inner part of C separately. Since the maximum curvature of C is assigned, it is seen that the part of C inside B R is bounded and its projection on B R does not exceed 2πR. Having said that, by the isoperimetric inequality on ∂B R (x), it follows that
with A i the minimal area enclosed by C i R (see Remark 3.5), so that A i ≤ 2πR 2 . It follows by simple computations that
2 . As a consequence, i A i ≤ lR, and hence M (D) < lR.
Step 4. Now, to compute |∂ i u(x)| we will use formula (3.3), integrating over E + D. Integration over D can be estimated as follows:
since by Step 3, M (D) ≤ lR.
Let us now compute the integration over E. Observe that, by construction of E, it holds that its normal N at a point x satisfies N ⊥(x − x ), and hence (3.3) yields
Let E + (resp., E − ) be the part of E outside B R (x) (inside, respectively). The integration can be performed by polar coordinates (s, ρ) centered at x, where s can be seen as an arc parameter on C R . The integral of (3.3) over E + is bounded by
More delicate is the computation of the integral over E − (see Figure 1 ). Let C − be the part of C inside B R (x). Let us assume that C − has n connected components. Let C − 1 be one of this components. By the regularity hypotheses on C and since B R (O) is tangent to C at P , one has that C stays outside of B R (O). Let P 1 and P 2 be the two points on ∂B R (0) ∩ ∂B R (x) belonging to the plane containing 0, x, and the tangent vector τ to C at P . Due to the boundedness of the curvature of C, it can be easily observed that the integral of (3.3) on the component C Figure 1 ). In such a case C − 1 is the arc of circumference passing for P and with endpoints P 1 and P 2 . Moreover, E − is planar and is contained into two half-planes Π and Π passing through P , containing the tangent τ , and with boundaries the lines P 1 P and P 2 P , respectively (in Figure 1) . Now we estimate the integral on every connected components of C − , and then multiply the obtained value by n in order to get a right estimate. Since the half-planes Π and Π are constructed in such a way that E − is contained in their union, the integral
is bounded by the same integral over Π ∪ Π . In particular, by symmetry, it holds
If the distance d(x, Π) = δ the right-hand side is easily computed by integrating in planar polar coordinates with δ ≤ r = d(x, x ) < ∞, and is equal to
.
Now we have to multiply this by n, the number of connected components of C − . We claim that n ≤ l/(πR). Indeed, consider a single connected component and one of its point P inside B R (x). With elementary geometric arguments it is seen that, due to the boundedness of the curvature, as observed, it could stay inside B R (x) \ B R (O) for a length at most πR. On the other hand, if it goes out of B R (x) \ B R (O), then it cannot come back before spending a length of at least πR outside. Then the claim follows, and it follows
Summing all the bounds obtained so far we finally get
from which the thesis follows.
Remark 3.5. In the previous proof we can choose the A i with minimal area as follows. Let C i R be a simple loop in B R (x), let P / ∈ C i R be a point on ∂B R (x). We construct an homotopy Ψ P : Remark 3.6. In Lemma 3.4 we also proved that the integral in (3.2) does not depend on the particular surface S, but only on its boundary C.
and it is harmonic in Ω \ C.
Proof. As we have proved in the step 1 of Lemma 3.4, if we choose a surface S with boundary C disjoint from S, and denote by u the corresponding solution of (3.1), then u − u = bχ A , with A the open set with boundary S ∪ S . Since b ∈ 2πZ we see that u = u as a map into T. Moreover if x / ∈ S then u is smooth at x, so in particular, up to change the surface S, we obtain that it belongs to C ∞ (Ω \ C, T) and u is harmonic at x for all x / ∈ C.
Corollary 3.8. Let C be the union of N > 0 smooth closed curves C k , let S be the union of the corresponding surfaces S k with boundary C k respectively, and let u be the solution to (3.1) given by (3.2). Then (3.6) holds true.
Proof. Actually the same proof as of Lemma 3.4 applies.
Corollary 3.9. Let L and S be as in Lemma 3.3 and w be the explicit solution of (3.4). If L is smooth, there exists a constant c > 0 depending on the curvature of C, such that it holds
Finer description of the singularity.
Lemma 3.10. Let S and C be as above. Let u be the solution to
given by (3.2) with b = 1. Then, if U is a tubular neighborhood of C, for all (ρ, θ, τ ) ∈ U with θ = 0, it holds (i) there exists the limit lim
|∂ τ u( ρ, θ, τ )| < c < +∞ for some constant c > 0 that depends only on the curve C.
(iii) lim →0 + |∂ ρ u( ρ, θ, τ )| < c < +∞ for some constant c > 0 that depends only on the curve C.
Proof. With no loss of generality we suppose that the curve C which represents the boundary of S passes through the origin of an Euclidean coordinate system where it is tangent to the z-axis. Moreover we choose the coordinates x 1 and x 2 in such a way that x 1 = ρ cos θ and x 2 = ρ sin θ, so that it follows that the point ( ρ, θ, z) coincides with ( x 1 , x 2 , z). For simplicity we take z = 0 and denote x = (x 1 , x 2 , 0), while S is orthogonal to the x 2 -axis in 0. From Lemma 3.2 we have the following explicit formula
with the change of variables ( x 1 , x 2 , z ) = (x 1 , x 2 , z ) we obtain
where we have used the explicit expression of Γ. Letting go to zero we obtain
where Π 0 is the half-plane {z = x 2 = 0, x 1 > 0} and we have used the shorter notation x = (x 1 , x 2 , z ). Thanks to Lemma 3.2, we see that the right-hand side coincides with u(x 1 , x 2 , 0), where u is the solution of (3.11) with S = Π 0 . But it is well known that such solution is given by, in cylindrical coordinates, u(ρ, θ, z) = θ 2π +c for a fixed constant c. In particular we have lim →0 + u( ρ, θ, z) = θ 2π +c. To prove statement (ii) we use the explicit expression (3.3), which reads, after the change of variables x = x (here, again with abuse of notations, ∂ z u = ∂ τ u at x = 0),
We fix R > 0 and consider the ball B with center ( x 1 , x 2 , 0) and radius R. We then write the last integral as
and thanks to Remark 3.6, up to choose R small enough, we can assume that the normal N to S at x is orthogonal to the vector ( x − x ) for all x ∈ B , that is, to (x − x ) in 1 B , so that the integral above becomes
Let us now estimate the second term in (3.13). In B c it holds | x − x | > R, that is, |x − x | > −1 R, so it is easy to see that this term can be estimated by
, where l is the length of C and γ > 0 is the constant of the isoperimetric inequality, since S can be chosen arbitrarily.
It remains to estimate the first term. Let us consider the plane Π passing through 0 and tangent to the vectorz and to x − 0, the unit vector tangent to the z-axis and the vector passing through x and 0, respectively. Let Π + be the half-plane in Π bounded by the axisẑ and not containing the point x. Thanks to the smoothness of C, we can assume that there exists a smooth one-to-one
is smooth, and then in B ∩ Π + we can use the Taylor expansion of N • Φ at 0. Going back to the variable x = x (andx := x ), we find that the first term in (3.13) reads
The Taylor expansion of Φ at 0 provides x =x + ∇ 2 Φ(0)x ·x + r Φ (x ) and if R is small enough we can assume that |∇ 2 Φ(0)x ·x + r Φ (x )| < 1 2 |x |. Note that, since C is smooth, we can find such a R > 0 satisfying the last inequality globally, i.e., R is independent of the point x. In particular we
2 |x | for all > 0, so that the integral is bounded by 14) and taking into account that R > 0 can be small as we want, we can also assume that |r N (x )| < |∇ 2 N (0)x ·x |, whereby the last integral can be estimated by
where the constant C 0 is independent of R and x. Taking the limit as → 0 we infer, by the monotone convergence theorem, that
which is uniformly bounded. Now, since the value of R is independent of the point x but only depends on the geometry of the curve C, we achieved the proof. Statement (iii) can be proved taking into account that choosing R small enough a formula similar to (3.13) holds, and then arguing as for statement (ii).
Remark 3.11. Let us point out that Lemma 3.10 still holds true if we do not assume that C is connected. Indeed if C is the union of a finite family of smooth closed curves, the surface S will be the union of a finite family of smooth surfaces and the arguments used in the proof of Lemma 3.10 still work.
Remark 3.12. The curve regularity required in Lemma 3.10 is W 3,∞ , because of estimates such as (3.14). Note also that C 0 depends on the curve curvature.
3.2. Distributional properties. In this section and in the following we often deal with BV functions u. In this case, if not otherwise advised, we will always denote by Du the distributional derivative of u, and by ∇u the absolutely continuous part of Du with respect to the Lebesgue measure.
Proof. Let u be a solution to (3.1) and let us first assume C smooth. By (3.6), ∇u ∈ L p (Ω, R 3×3 ) for p < 2. It has been shown that u is smooth outside S where it has a jump of amplitude b. In particular u belongs to SBV (Ω, R 3 ) and its distributional derivative is given by
Let us prove that − Curl ∇u = L ⊗ b. To this aim let us take ψ ∈ D(Ω, R 3×3 ) and write 16) where the second equality follows from (3.15) with ϕ = Curl ψ, and the third one by Stokes theorem. We now prove that Div ∇u = 0. Again, we take ψ ∈ D(Ω, R 3 ) and write − Div ∇u, ψ := ∇u, ∇ψ = Du, ∇ψ − S(∇ψ), (3.17) and using the explicit formula (3.2) for u we obtain
so that plugging the last identity in (3.17) we obtain Div ∇u = 0. Let us now treat the general case. We proceed by approximation, so let C n be a sequence of curves converging uniformly and in the sense of currents to C, let S n be surfaces converging in the same sense to S, and let u n be the corresponding solutions. Let V n be the solution to the system
which, by Theorem 2.6 also satisfies
. So far we have proved that ∇u n differs from −V T n by the gradient of a harmonic map whose boundary datum at ∂Ω are bounded since d(C n , ∂Ω) > δ > 0 (this can be seen computing ∇u n N by formula (3.3) ). In particular we find that there are constants
. Now it is easy to see that u n u weakly* in BV p (Ω, R 3 ), and the conclusion easily follows.
Remark 3.14. In order to prove that Div ∇u = 0, we might also argue as follows. LetŜ ⊃ S such thatŜ separates Ω in two parts Ω − and Ω + . Then for every test function ϕ ∈ C ∞ c (Ω, R 3 ) it holds
Remark 3.15. The statement of Lemma 3.13 readily applies to the case of C being a finite union of Lipschitz curves.
According to Corollary 3.3, the counterpart of Lemma 3.13 for a vector-valued displacement in linear elasticity reads as follows: Corollary 3.16. Let C ⊂ Ω be the union of a finite number of smooth dislocation loops and S ⊂ Ω a smooth surface enclosed by C. Referring to Lemma 3.3, let w be the solution of
in the distribution sense, where ∇w is the absolutely continuous part of the distributional derivative Dw in C) ), (3.19) with c a constant depending on the maximal curvature of C, and l its length.
The bound (3.19) is proved as in Lemma 3.4, since A is a bounded tensor.
Main result: graph boundary of T 3 -valued harmonic maps
Preliminary notions. We introduce the following notation. For all b ∈ R 3 we define the
for any 1-form ω ∈ D 1 (T 3 ). It is easy to see that M ( b) = |b|. The fact that we are on the torus, i.e., ω is 2π-periodic on R 3 , implies that b is a closed current whenever b ∈ 2πZ 3 . Moreover it is convenient to define, for all b ∈ R 3 and all r ∈ R 3 , the 1-current b r ∈ D 1 (T 3 ) as
for any 1-form ω ∈ D 1 (T 3 ). Also in this case M ( b r ) = |b| for all r ∈ R 3 . Note that, if b ∈ 2πZ 3 and there is a real number δ such that b = δr, then the currents b = b r thanks to the periodicity of the forms in
for any 2-form ω ∈ D 2 (Ω × T 3 ) (we meanτ = ( τ , 0) ∈ R 3 × R 3 , the tangent vector to C in Ω × R 3 , andb = (0, b) ∈ R 3 × R 3 , with τ the tangent vector to C in Ω).
The cylindrical neighborhood. Let C be a closed loop of class C 2 . There is a cylindrical neighborhood D R of C, with cylindrical coordinates (ρ, θ, z) ∈ [0, R] × [0, 2π] × [0, l]/ ∼, where ∼ means that the coordinate θ = 0 (and z = 0) is identified with θ = 2π (resp. z = l). The neighborhood D R is also parametrized by the coordinates (x, y, z) by setting x = ρ cos θ and y = ρ sin θ. Let S be a smooth surface with boundary C and such that S ∩ D R coincides with the set {θ = 0}. We suppose Assumption 3.1 on the regularity of S. The tangent space to ∂D R is a 2-dimensional plane with orthonormal basis {σ, τ }, with τ representing the vector tangent to the curve, and then corresponding to the z coordinate, and σ tangent to the section (orthogonal to C) of ∂D R , namely corresponding to the coordinate θ.
Statement of the main theorem.
We are ready to prove the following: Theorem 4.1. Let S be a smooth surface in Ω whose boundary C is a smooth and closed curve in Ω, both satisfying Assumption 3.
3 and let u = (u 1 , u 2 , u 3 ) : Ω → R 3 be the map with u i given by (3.2) with b = b i . Then G u is an integral current in D 3 (Ω × T 3 ) and its boundary is given by where α, β = 1, 2, 3. Then, our main result can be restated as
for all ω ∈ D 3 (Ω × T 3 ), where ϕ ω is defined by (4.6). Proof. We proceed by approximation. Let {C k } k>0 be a sequence of smooth closed curves approximating C (uniformly and in the sense of 1-currents) and let {S k } k>0 be smooth surfaces with boundary {C k } k>0 and converging (uniformly and in the sense of currents) to S. Let u k be maps as in Theorem 4.1 with C replaced by C k and S replaced by S k . Thanks to the uniform convergence of S k to S and using formula (3.2) we see that u k converges pointwise to u, and then strongly in L p (Ω, T 3 ). Since C k are converging uniformly to C whose length is finite, the lengths of C k are uniformly bounded so the same argument employed in Lemma 3.13 gives a uniform bound in L p (Ω), with p < 
Finally, the lengths of C k being uniformly bounded, Theorem 4.1 provides an uniform bound on the masses of ∂G u k . Now Theorem 2.3 applies and implies that u ∈ A p (Ω, T 3 ). In particular we have that u k u weakly in A p (Ω, T 3 ), thus Lemma 2.2 implies that ∂G u k ∂G u as currents, and the fact that for u k the explicit form (4.4) holds true implies that it holds also at the limit, concluding the proof. 4.1.1. Proof of the main theorem: Theorem 4.1. In the sequel we will use the notation
Before proving Theorem 4.1 we state the following preliminary fact:
Proof. Lemma 3.7 shows that u is well-defined in T 3 . In order to prove that it belongs to A p (Ω,
we need to show that all its minors M β α (Du) belong to L p (Ω). Thanks to Lemma 3.4 it is easy to see that every 1 × 1-minor belongs to L p (Ω). Moreover from Lemma 3.2 we have that u 1 , u 2 , and u 3 differ by a multiplicative constant, so that the rows of the matrix Du are linearly dependent. In particular all the minors greater than 1 × 1 vanish, and the thesis follows.
Proof of Theorem 4.1. Let u be the restriction of the map u to Ω := Ω \D , u := u Ω , where
The graph G u is the restriction of the graph G u to the open set Ω × T 3 . Formula (2.6) and the Dominated Convergence Theorem readily implies that G u G u as currents. As a consequence we find
In order to compute explicitly the boundary of G u we write ∂G u (ω) = G u (dω), for ω ∈ D 2 (Ω × R 3 ). Lemma 3.7 implies that u is smooth outside a neighborhood of C, so that we can apply the Stokes Theorem and find
where (σ, τ ) is an orthogonal coordinate system in the tangent space to ∂D . The gradient of Φ reads
(4.8)
In the coordinate system (ρ, σ, τ, y 1 , y 2 , y 3 ) it holds
If ω = ω ij dz i ∧ dz j , with 1 ≤ i < j ≤ 6, where we have defined z 1 = ρ, z 2 = σ, z 3 = τ , and z k+3 = y k for k = 1, 2, 3, we can write Integrating by parts the second term and using Lemma 3.10 we obtain 12) where |O(1)| ≤ C as → 0, so that its absolute value can be estimated by
∂xi ∞ C thanks to Lemma 3.10, whereby this term vanishes as well as → 0.
As for the third term of (4.11), we first set
with, recalling that u k−3 (0
whereτ := (0, 0, τ ). Since
Using Lemma 3.4, for some constant γ > 0, we have
as → 0, by (3.6) and beingω 3k ( , θ, τ, u( , θ, τ )) uniformly continuous at = 0, again thanks to Lemma 3.10 and the fact that C is compact. So that letting → 0 in (4.13), using Lemma 3.10, integrating by parts again, and taking into account the periodicity of ω, (4.13) becomes Proof. Let us first suppose that S k and C k are smooth and that the curves C k are mutually disjoint. Then we will obtain the general result by approximation by means of Theorem 2.3, arguing as in the proof of Corollary 4.3. Since N is finite, we see that C is compact and there is a tubular neighborhood around C. We can then argue as in the proof of Theorem 4.1, obtaining a formula similar to (4.13).
Here R( ) in (4.13) still vanishes thanks to Corollary 3.8, and 
, with C u+v defined as
Proof. As in Theorem 4.1, we first prove the result for a smooth loop C and then we obtain the general case arguing as in Theorem 4.5. Let us check that u + v ∈ A p (Ω, T 3 ). To this aim let us prove that adj (Du + Dv) and det (Du + Dv) are summable functions. Since the rows of Du are linearly dependent and recalling the identity det
Since Dv i ∈ C 0 (Ω, R 3 ), in particular it is bounded, so that all the determinants belong to L p (Ω, R 3 ) thanks to (3.6) . A similar arguments applies for adj (Du + Dv).
To compute the boundary of G u+v we proceed as in the proof of Corollary 4.3 (and Theorem 4.1), resulting in (4.10). This formula, setting w := u + v, takes the form (4.18) where in the last term we have used the fact that ω ij = −ω ji . The first row, as seen by (4.11), tends to (4.14), the second and the third ones vanish as → 0 since v is smooth and its partial derivatives are bounded. The terms of the last row containing ∂ui−3 ∂τ and ∂vj−3 ∂σ vanish again thanks to Lemma 3.10 and the smoothness of C. It remains to study the term 19) withτ := (0, 0, τ ) and
and
Arguing as for R( ) in (4.13) we see that R w ( ) is negligible as → 0, while arguing as in (4.13) and taking into account that we see that w(0 + , θ, τ ) = bθ 2π + c + v(τ ), the expression (4.19) tends to
where we have considered the periodicity of ω. The bound (4.17) now readily follows.
Main result second form: Euclidean setting and jump surface
In this section we express the boundary of the graph of u as a current in Ω×R 3 , hence without neglecting the jump of u on the surface S.
Expression of the boundary graph for R
3 -valued displacement. In this paper the main result Theorem 4.1 is presented without referring to the surface S (in the final formulae), since torusvalued maps are considered. Nonetheless, the formulae in the Euclidean setting might be of interest with a view to the introduction of misfit energy terms as explained in Section 6.5. The derivation of such formulae is rather technical, though they do not require new notions with respect to those exposed in the paper core. This is the reason why the complete proofs are given in Appendix 5.
Let us introduce the following notation. For all b ∈ R 3 and all r ∈ R 3 we define the 1-current
for any 1-form ω ∈ D 1 (R 3 ). Moreover M ( b r ) = 2π|b| for all r ∈ R 3 . Let τ be an arc length parameter along the curve C. As in Lemma 3.10 we will denote by u(τ ) the value of the limit as → 0 of u( , θ = 0, τ ), with { , θ, τ } a system of cylindrical coordinates around C taken in such a way that θ = 0 corresponds to the set of points in the surface S, so that the lower and upper traces of u on S can be denoted by u( , 0, τ ) and u( , 2π, τ ), respectively (at least in a small neighborhood of C). Since the jump of u is the constant b on S we can assume u( , 2π, τ ) = b + u( , 0, τ ). With this convention u(τ ) := lim
Theorem 5.1. Let C be a smooth closed curve in Ω and let S be a smooth surface with ∂S = C. Let b ∈ R 3 and let u i ∈ SBV (Ω) be the solution to (3.1) with b = b i for i = 1, 2, 3. Let v ∈ C 1 (Ω, R 3 ) and set u = (u 1 , u 2 , u 3 ), and w := u + v. Then G u and G w are integral currents in D 3 (Ω × R 3 ) and it holds
, where {τ 1 , τ 2 } is an orthogonal basis for S, andû is the solution to (3.1) with b = 1. In the previous formula u and u + b are the two traces of u on the lower and upper face of S. Moreover
, where C w (ω) is a rectifiable 2-current with support in C × R 3 given by
In particular there exists a constant c > 0 depending only on the geometry of C such that
For a proof we refer to Appendix B.
6. Application to dislocations at the continuum scale 6.1. Preliminaries on dislocations at the continuum scale. The following lemma characterizes the divergence-free measures which are supported on a 1-dimensional set as dislocation measures.
Lemma 6.1 (Dislocation measure). Let µ ∈ M b (Ω, R 3×3 ) be a divergence-free measure which is absolutely continuous with respect to the H 1 -measure restricted on a simple Lipschitz curve L with tangent vector τ and such that L is either closed or ends at the boundary of Ω. Then µ is a dislocationmeasure, that is, there exists a constant vector b such that
Moreover µ, Dψ = 0 for every ψ ∈ D(Ω, R 3 ). Let {ν, σ, τ } be a local orthogonal basis attached to L.
It is easy to see that we can always choose ϕ ij = D j ψ i such that
for arbitrary smooth functions η and ξ on L, so that one has 0 = 
According to Lemma 6.1, a dislocation loop is defined as a simple closed curve L in Ω which has an associated Burgers vector b ∈ Z 3 . The deformation gradient F around L satisfies the condition
, where τ is an oriented tangent vector to L. For any b ∈ 2πZ 3 we call a b-dislocation current a 1-integer multiplicity current L b that produces a curl of the deformation gradient given by the density
, where in the right-hand side (wb) * is the covector writing (wb) * := w kj b j dx k (with sums on the repeated indexes). Moreover, Λ L b is a Radon measure as soon as M (L b ) is finite. In the sequel we will use the following shortcut notation:
2) with θ b the multiplicity of the vector b (see [29] for details).
Definition 6.2 (Regular dislocation). Let us set B := 2πZ
3 the set of admissible Burgers vectors. A regular dislocation is a sequence of b-dislocation currents L := {L b } b∈B . We associate to each dislocation a dislocation current, still denoted by L, and the associated dislocation density Λ L ,
With this definition it is possible to model the dislocations with every possible Burgers vector. It is possible to split the current L in the canonical basis of R 3 ,
in such a way that L i has e i as associated Burgers vector and satisfies
Moreover, as proved in [29] one has
for some constant C independent of i and Ω.
6.2. Functional properties. Let 1 ≤ p < ∞ and introduce the vector space of tensor-valued fields 5) which endowed with norm
is a Banach space. Let us define
and the spaceṼ
With a view to applications, it might be convenient to define another open setΩ such that Ω ⊂⊂Ω. We will also assume that both Ω andΩ are simply connected.
Let 1 < p < 2 and let F ∈ BC p (Ω, R 3×3 ) be such that, by virtue of Theorem 2.6,
3 and L a 1-integer multiplicity current which is closed and with compact support inΩ. The Helmholtz decomposition in
and G ∈Ṽ p (Ω) such that (see [22] for details and further references)
Thanks to the decomposition theorem for 1-integer multiplicity currents (Theorem 2.1) we find a sequence of Lipschitz maps
Let us denote by L k the closed Lipschitz curves f k (S 1 ).
6.3. Expression of Theorem 4.1 for a finite number of dislocation loops.
Theorem 6.3. Let b ∈ 2πZ 3 be fixed, 1 < p < 2, L be a closed integral current with compact support inΩ, and let V ∈Ṽ p (Ω) be such that − Curl V = b ⊗ L inΩ. Then there exists a mapũ ∈ A p (Ω, T 3 ) such that ∇ũ = V almost everywhere inΩ, and 10) with C > 0 a constant depending only onΩ.
Recalling Remark 4.2, ϕ ω is given by (4.6). Hence, Theorem 6.3 provides an expression of the dislocation density in terms of the boundary of the graph of the torus-valued displacement field u.
Proof. Let us first assume p ≤ 3 2 . To prove the Theorem we will use the fact that the following system 12) has by Theorem 2.6 a unique solution that also satisfies U L p ≤ C|µ|(Ω), with C = C(Ω). Another key fact is the following: ifΩ is a bounded open set with smooth boundary, g ∈ C 0 (∂Ω, R 3 ) with ∂Ω gdH 2 = 0, and v ∈ C 1 (Ω, R 3 ) is the zero-mean-value solution to
13)
We use the decomposition (6.9) for L and we first suppose that the maps f k are smooth. The general case will follow using an approximation argument and proceeding as in the proof of Theorem 4.5. If C k is a smooth closed curve, we can choose a smooth surface S k with boundary C k , according to Assumption 3.1. Then we set S := ∪ k S k and C := ∪ k C k , we seek a solution u of (3.1) with these S and C. Let us also setŜ n := ∪ n k=0 S k andĈ n := ∪ n k=0 C k . For i = 1, 2, 3, let u n i be the solution of (3.1) withŜ n ,Ĉ n , and b i . Lemma 3.13 and Remark 3.15 show that the distributional divergence of ∇u n is zero, while the curl is given by
Up to subtracting a constant to u n , we also suppose it has zero mean value.
By hypotheses it holds inf k d(C k , ∂Ω) > 0, and then u n are of class C ∞ on ∂Ω, and their C h norms are uniformly bounded with respect to n for all h > 0 (taking into account that the set C = ∪ k C k has finite length, and then S = ∪ k S k has finite H 2 -measure). Let v n be the solution to (6.13) with g := ∂ N u n . From the estimates of this solution we find v
for some constant C 2 independent of n. Settingũ n := u n − v n , we see that ∇ũ n solves system (2.12) with
, so that we also have ∇ũ n p ≤ |µ n |(Ω) < C 3 , with C 3 independent of n. In particular we get u
, and from u n =ũ n + v n we infer u =ũ + v. Since the rows of ∇u n are equal up to a multiplicative factor, we also get that all the minors of u n are uniformly bounded in L . Now, Lemma 2.5 implies that G u is an integral current whose boundary satisfies 14) for all ω ∈ D 3 (Ω × T 3 ). To conclude the proof it suffices to observe that the mapsũ n are smooth in a neighborhood of ∂Ω with ∂ Nũ n vanishing, and hence ∂ Nũ also vanishes, in such a way that ∇ũ satisfies (2.12) with µ := b ⊗ L. By the smoothness properties of v n , it is also true that v satisfies (6.13) with a bounded and smooth g = ∂ N u, so it is smooth inΩ and Lemma 4.6 implies (4.17). We now compute g by using formula (3.3) and d(C k , ∂Ω) > 0. The same argument employed in Lemma 3.4 (actually estimates (3.7) and (3.8)) shows that there is a constant C 4 > 0 such that g C 1 ≤ C 4 |b ⊗ L|(Ω), so that the inequality v C 1 ≤ C g C 0 together with (4.17) gives (6.10). The thesis is proved when
, so the previous argument shows that V = ∇ũ = ∇u − ∇v withũ satisfying (6.10), u satisfying (6.11), and v of class C 1 . In particular ∇u ∈ L p (Ω, R 3×3 ) with 3 2 < p < 2, and the thesis follows.
Remark 6.4. By definition of the u k , we have observed that for all k the three components u k i , i = 1, 2, 3, differ by a multiplicative factor. In particular we have seen that their gradients ∇u k i (i.e., the rows of the matrix ∇u k ) are linearly dependent. As a consequence the same is true for the gradients ∇u i . Thus, the three components of the harmonic function v have as boundary data ∂ N u i three linearly dependent vector fields. This implies, by the uniqueness of solution of elliptic equations, that also ∇v i are linearly dependent and hence that the final matrix V = ∇u = ∇ũ − ∇v has linearly dependent rows. Therefore, its pointwise adjunct and determinant are constantly zero. 
) which is lower semicontinuous with respect to the weak* convergence. (iii) W e is a function of M(F ) (i.e., of F , adj F , and det F ), and it is lower semicontinuous in M(F ) with respect to the weak convergence in L p .
We assume thatF ∈ A p (Ω, R 3×3 ) with − CurlF = Λ T α onΩ, and the additional property that divF = 0 onΩ. Let b ∈ 2πZ 3 a fixed Burgers vector, let p > 1, then the class of admissible deformation tensors is
for some closed integral 1-current L, and F =F onΩ \ Ω}. (6.18) The minimization problem reads
The existence of a solution is provided by the following:
Theorem 6.5. Let 1 < p < 2. If W satisfies (i), (ii), and (iii), then there exists a solution F ∈ F p b of (6.19).
Proof. We will apply the direct method. Let {F k } k>0 be a minimizing sequence. From the coerciveness (i) we see that there exist
Moreover we find a measure Λ ∈ M b (Ω, R 3×3 ) with
where we have set
As [29, Lemma 7.5] shows, there exists a regular
In order to prove the theorem we have to show that div F = 0, − Curl F = Λ L , A = adjF , and D = det F .
The functions F k satisfy the hypotheses of Theorem 6.3, thus there exist a sequence of harmonic 
. Therefore A = adjF by (6.20b), and det F = D from (6.20c). Moreover, for every test function ϕ ∈ C
and it follows div F = 0 onΩ. Finally we write
for all ϕ ∈ D(Ω, R 3×3 ), and by (6.21) we conclude − Curl F = Λ T L . The fact that F satisfies the boundary condition is straightforward, and thus F ∈ F p b , achieving the proof. Remark 6.6. One cannot state that the above-solved variational problem is a complete solution to the dislocation problem, since what we have found in Theorem 6.5 is merely a divergence-free deformation, which is presumably not the deformation associated to the dislocation problem in finite elasticity. Indeed, this result must be considered as a partial result towards this aim. One idea is to exploit the decomposition F = Du + Curl V for the complete problem, and hence Theorem 6.5 provides only the divergence-free part Curl V of the true deformation tensor F . Solving the complete problem is an extremely difficult task, without additional assumptions on F or on the the nature of the dislocations. To this respect some results are found in [29] .
6.4.2.
A variational problem in finite gradient elasticity. In this example we treat a slightly different setting. We consider an energy involving F and the gradient of F , viz. W =W(F, ∇F ) where there are an energetic term for the curl of F and another for its divergence. The term involving the divergence must be understood as a high-order perturbation, in the spirit of [14] 1 , whereas the term related with the curl of F will again be called the defect term, in view of the problem of the previous sections. Thus for some fixed > 0, we consider
The same assumptions (6.16) and (6.17) hold for W, and for the perturbation, one assumes that 27) for q > 3, where 3 is precisely the space dimension. Note that such an assumption could not be made on the whole gradient of F , since we know that Curl F is a measure concentrated in the dislocations. Indeed, notice that, since − Curl F = Λ T L , the divergence of F is not related to the dislocation density.
1 In their case, since no dislocations were considered, div F = ∆u, with u the displacement, was taken to the power 2 to account for the microstructure.
We assume that the mapF ∈ A p (Ω, R 3×3 ) with − CurlF = Λ T α onΩ satisfies the additional property that divF ∈ L q (Ω, R 3 ). Let b ∈ 2πZ 3 a fixed Burgers vector, let p, q > 1, then we define the class of admissible functions as Proof. We will apply the direct method. Let {F k } k>0 be a minimizing sequence. From the coerciveness (i) we see that there exist
We find a measure Λ ∈ M b (Ω, R 3×3 ) with Λ k Λ weakly* in M b (Ω, R 3×3 ), where we have set
T . Again, [29, Lemma 7.5] implies that there exists a regular dislocation
In order to prove the Theorem we have to show that div F = R, − Curl F = Λ L , A = adjF , and D = det F .
The Helmholtz decomposition gives
with w k ∈ W 1,p (Ω, R 3 ) satisfying −∆w k = − div F k with ∂ N w k = F k N =F N on ∂Ω (note that F k N andF N have a distributional meaning, the divergences of F k andF being in L p , see Lemma A.2), and G k ∈Ṽ p (Ω). Since div F k ∈ L q (Ω, R 3 ), with q > 3, by the regularity theory of elliptic problems and the Sobolev embedding Theorem, we find that w k ∈ C 1 (Ω, R 3×3 ) and that the L ∞ norm of their gradients are bounded by a constant, Dw k ∞ < C. (6.31) Moreover we have, up to a subsequence, that w k w weakly in W 1,q (Ω, R 3 ), (6.32) for some w ∈ W 1,q (Ω, R 3 ). Let us set V k := Curl G k . Now − Curl V k = Λ T L k , and Theorem 6.3 provides functions u k ∈ A p (Ω, T 3 ) and v k ∈ C 1 (Ω, T 3 ) such that ∇u k − ∇v k = V k satisfying 33) for all ω ∈ D 3 (Ω × T 3 ), and 
(6.37)
This allows us to apply Theorem 2.3, obtaining (6.24) and (6.25) . Now, arguing as in Theorem 6.5 all other claims follow straightforwardly, achieving the proof.
Remark 6.8. Once again, this is a partial solution to the complete dislocation problem. In particular, the growth assumption on the deformation divergence seems a relatively strong, which we would like to weaken in future works more oriented towards specific dislocation modelling.
6.5. Physical motivations of the Euclidean-valued case. With conclude with a quick remark on a possible reason in order to also consider vector-valued displacements in variational problems, without giving explicit examples. Let us recall that the dislocated solid is separated into two elastic half-spaces joined by atomiclevel forces across their common interface, known as the glide plane. In the applications as shown so far, the energy is made of two terms, the elastic part and the defect part which is assumed as concentrated in C. With a view to time evolution of dislocation, an important physical term should also be added on the glide plane S, which is prescribed in single crystals at moderate temperature ranges, the so-called "misfit" energy taking into account nonlinear atomic interactions, viz.,
where 0 < δ(x) < |b| and W mis is the interplanar potential energy density. This problem was originally introduced and solved by Nabarro, and received considerable attention nowadays, since it permits a reasonable alternative to atomic models.
Appendix A. Proof of Theorem 2.6
Here we prove Theorem 2.6. Let us first introduce some auxiliary results: Proof. This Lemma is a direct tensor extension of the theorems of existence and uniqueness of Neumann problem as shown in [31] (see also [15, Lemma III.1.2 and Theorem III.
1.2]).
The following result can be proven (see [32] ):
Lemma A.2. Let Ω ⊂ R 3 be a bounded open set with boundary of class C 1 and let F ∈ L p (Ω, R 3×3 ) be such that div F ∈ L p (Ω, R 3 ). Then the distribution defined as for all ϕ ∈ W 1,p (Ω, R 3 ), with γ(ϕ) ∈ W 1/p,p (∂Ω, R 3 ) the boundary trace of ϕ, is well-defined and it holds F N ∈ W −1/p,p (∂Ω, R 3 ) := W 1/p,p (∂Ω, R 3 ) .
We are ready to prove Theorem 2.6.
Proof. Let us discuss the proof in several steps. In the sequel Φ represents the fundamental solution of the Laplacian in R 3 , i.e., ∆Φ = δ 0 .
Step 1: Existence and explicit expression.
Employing Theorem 2 and 3 of [8] we get the existence of a solution to (A.5)
Step 2: boundedness.
The continuity property (2.13) on L p (R 3 , R 3×3 ) with 1 ≤ p < 3/2 follows from [8, Theorem 2 and Theorem 3] and approximation. But it can also be obtained directly first observing that DΦ ∈ L p (R 3 , R 3×3 ) with 1 ≤ p < 3/2, since DΦ(x) = O(|x| −2 ), and hence, posing R := |x − y|, 6) whereR is the radius of a ball centered in 0 and containingΩ. It is then observed that the last factor in the right-hand side is bounded as long as 1 ≤ p < 3/2. The boundedness in L p (hence the continuity) now follows from Minkowski's inequality since for some C > 0, it holds (see also [30, VI.I;4]),
Step 3: vanishing of F N . If φ ∈ W 1,p (Ω) we have that F := G + Dφ also satisfies − Curl F = µ T . Lemma A.1 provides a solution φ such that div F = 0 inΩ, F N = 0 on ∂Ω, and such that (2.13) holds.
Step 4: uniqueness.
Assume that there exist two solutions and denote by H ∈ L p (Ω) their difference, one has Curl H = div H = 0 inΩ while HN = 0 on ∂Ω. There exists u ∈ W 1,p (Ω, R 3 ) such that H = ∇u. Taking the divergence one gets ∆u = 0 inΩ. Moreover from HN = 0 we also have ∂ N u = 0 on ∂Ω. By Lemma A.1 this implies that there is a constant c with u ≡ c inΩ, whereby H = 0.
Step 5: sharp result for a smooth curve.
Let µ
T be a concentrated measure on a smooth curve L ⊂Ω, i.e., µ T = M · H where l is the length of the curve L. Formula (A.5) implies 
